THE SPECTRUM OF THE CESARO-HARDY OPERATOR ON 
THE HILBERT-POLYA SPACE 


CHAOCHAO SUN 


ABSTRACT. By considering the spectrum of the Cesaro-Hardy operator on 
the Hilbert-Pdélya space, we proved the Riemann hypothesis for Riemann zeta 
function and Dirichlet L-function. 


1. INTRODUCTION 


Denote RX = (0,00). Let L?(R%) be the complex Hilbert space with the usual 
inner product, i.e., 


eae) | Eao. 


Here we view L? (RX) as a Hilbert space in the meaning of quotient space, i.e., each 
f € L?(RX) with [Y |f (x)| dx = 0 is equivalent to the zero function on RX. 
The Cesàro-Hardy operator C on L? (RX) is defined by 


where f(x) € L? (RX) is a locally integrable function. Then C is a bounded operator 
on L? (RŽ) by Hardy inequality. In [3], Brown, Halmos and Shields showed that 
the spectrum of C on L? (RŽ) is the circle 
o(C, L’) = {zE C: |1- z|=1}. 
This result has been generalized by D. W. Boyd [4] to L? space. If we consider the 
operator C — 1, then we will find that it is a unitary operator on L? (RX). A well 
known result which says the spectrum of unitary operator is contained in the unit 
circle {z € C: |z| = 1} 
The adjoint of the Cesaro-Hardy operator C is C*, which is defined by 


(CF, 9) = (f,C*9), 
for f,g € L? (RX). The explicit form of C* is 


C* f(a) a Mia 


Motivated by Alain Connes’s spectral interpretation for the zeros of L-functions, 
Ralf Meyer[15] proved that the eigenvalues of the transpose D‘ (see [21, §2.1])of 
the operator D_(induced by D on some function space) acting on a nuclear Fréchet 
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space are exactly the nontrivial zeros of ¢(s). Later, Xian-Jin Li [12] proved that 
every nontrivial zero of the zeta function is indeed an eigenvalue of D_. His method 
has been generalized to Dirichlet L-function and L-function associated with new- 
forms by Dongsheng Wu[23]. Liming Ge, Xian-Jin Li, Dongsheng Wu and Boqing 
Xue in [9] proved that the correspondence between the set of eigenvalues of D_ 
acting on H and the set of nontrivial zeros of ¢(s) is one-to-one. 

Inspired by the above results, we construct the Hilbert—Pélya space of operator 
C. The idea to prove Rieman hypothesis is as follows: We take Riemann zeta 
function as an example. First, we construct an invariant space V¢ (Definition5.2) 
of C and C* in L?(R%). For each nontrivial zero p of ¢(s), we construct a function 
F, (Equation(5.3)). Let Ve be the closure of V; in L?(RX). The key result is to 
show F, ¢ Ve (Theorem6.15). Then the Riemann hypothesis can be deduced from 
the property of spectrum C on L? (RX) (Theorem’.7). 

In this view, the Riemann hypothesis comes from the symmetry of the Cesaro- 
Hardy operator. The adjoint operator C* and the operator D_ are inverse in 
some way, which is similar to the case of elliptic function and its inverse function. 
However, it is better to consider C* than D_, because the first one is bounded. 


2. SOME PROPERTIES OF OPERATORS C,C* AND Z 


Let C™(R7) be the set of smooth complex valued functions on RX and N be the 
set of nonnegative integers. The following notations are from [23]: 


Ho = {f € C*(R¥) | lim a™ f(x) =0 and f™ (0) := lim, f(z) exists, Ym, n € N}. 
T—+00O g 


Hn :={f € Uo | a f(x)dx = 0, f(0) = 0,and fC”+D(0) = 0, Vn € N}. 


H- := {f € Ho | f™ (0) = 0 for n € N}. 
Here, the above definitions of Hn coincide with Meyer’s original construction (see 
[23, §1.2]). In fact, if f(a) is an even Schwartz function over R, then f?"+) (x) is 
an odd function, hence f(??"+(0) = 0. 
By L’Héspital’s rule, we have 
lim 2-™f™(xz)=0, Ym,n EN, Vf(x) €H. 
x— 0t 


Let x be a nontrivial primitive Dirichlet character. Define 
HX := {f € Ho | fP"+ (0) = 0 if x(—1) = 1, FP” (0) = 0 if x(—1) = —1,Yn € N}. 


If x be a trivial primitive Dirichlet character. Define 


HX := {f € Ho | f Koa = 0,f(0) = fD (0) = 0,yn € N}. 
0 


Remark 2.1. In [23], he does not distinguish the trivial character and nontrivial 
character. They are different for D-function. If x is a trivial character, then the 
L-function has a simple pole at s = 1. If x is a nontrivial character, then the L- 
function is an entire function. The conditions here h f(x)dx = 0 are designed to 
eliminate the effects of poles of L-function when considering the Mellin transform 
of the function Z, f (See below for the operator Z,). 
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Since Ho is a subspace of L? (RX), Ho is a unitary space, i.e., a complex space 
with inner product. We define two operators D, M on Ho by 


Df(z)=—f'(z), Mfz) =af(z). 
It is easy to check that 
MD—DM = 1. 
For f € H_, we can “formally ”defined 


pga) == f eat, Mte) = E. 


But the action of DT! is not closed on H_. We just “formally” view the operator 
C as the inverse of -DM by 


(DM) f= MD) f fod = + f fdt = cy. 


For f € Hn, define the operator Z by 
(Zf)(2) = 3 f(nz) 
and for f € HX, define the operator Z% ns i 
(Zxf)(@œ) = 2 x(n) f (nz). 


Then we have ZHn, Z,H* C H- (see [23, Thm.2.9], [15, Thm.3.3], §6 in [15]). 
Denote 


3 
n(x) = 8rr? (rx? — sje, for ¢(s); 
For character x, let 
ny(z) = Sra? (rx? — Bem, for L(x,8) when x(—1) = 1 
x zene” for L(x, s) when y(—1) = —1. 


Then we have Zn, Zyny, E€ H_. 
For f(x) € Ho, its Mellin transform is 


fis) = f 7 f(a) Nada. 


a 


Then f(s) admits a meromorphic extension to the whole complex plane and its only 
singularities are simple poles at a subset of non-positive integers(see [23, Lem2.1]). 
Proposition 2.2. ZHn Z Ha. 


Proof. let n(x) = 8rz? (rr? — 3Je=72? € Hn. For Re(s) > 1, considering the Mellin 
transformation of Zn, we have 


En(s) = ¢(s)i(s) = s(s — )n-8L (5) ¢(s). 


Since Zn(x) € H_, we have Znņ(s) is an entire function. Hence, 


= 1 
Zn(1) = 0-20 G) =1, 


i.e., Iii Zn(x)dx = 1. 
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Remark 2.3. A fault“ proof” of Proposition2.2: First, we have ZHn CH_. On the 
other hand, for f E€ Hn, we have 


[ Eto- 3 f7 tony [7 irode 


Hence, Zf € Ho. 

The main problem is that the sum and the integral does not commute in this 
case. 
Proposition 2.4. CH, ¢ Hp. 


Proof. The action of C on Hn is not closed. For example, let n(x) = x? (nx? — 
ere € Hn. A direct calculation shows that 


x? 2 
Cy(a) = ae" Z Hp. 


Let C* be the adjoint operator of C on L? (RX). Then 
Lemma 2.5. For f(x) € Ho, we have 


=f a 


Proof. For each f,g € Ho, there is 


(Cf.9) oh ae Jdt- g(a) 


=- soa f (2) al +f [ (#2) Jaa f f(t) 


By the definition of integral, we have 


Cate) = f (a= f La 


Hence, C* f(x) = [S FO) ae, 
Theorem 2.6. The operator C* — 1 and C — 1 are unitary on L? (RX). 


Proof. There exist the following norm equalities(see [13, Examplel.6]): For f € 
L? (RX), 


IE — DFI = IE = DA= IA, 
where C* — 1 = (C — 1)* is the adjoint operator of C — 1. This means the bounded 
operator C — 1 and (C — 1)* are isometry on L?(R%). By [7, Thm4.5.15], we have 
(C —1)*(C —1) = (C—1)(C—1)* = 1. This means C* — 1 and C — 1 are unitary. 
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Corollary 2.7. C* and C are commutative on L?’ (RX). 
Proof. In fact, from the equation (C — 1)*(C — 1) = (C — 1)(C — 1)* = 1, we have 
C*C =CC* =C+C*. 


3. THE HILBERT SPACE L?(R¥,dx) AND HARDY SPACE H?(Q) 


For the multiplicative group RX, the corresponding Haar measure is de Let 


L?(R%,“) (resp. L?(R%,dzx)) be the complex Hilbert space of square integral 
function on RX with respect to the measrue “ (resp. dz). 

Consider the pairing RX x Ri + S1, (r,ti) = r~™. Under this pairing, Ri can 
be viewed as the character group of RX. Denote RX the character group of RX, 
Kes 

RX := {4 : RŽ > S? | 4 is continuous group homomorphism. } 
A natural topology on RX is compact open topology. Under this topology, we have 
an topological group isomorphism 
RX ~ Ri, dur ti, 
where w,;(2) = x7" Similarly, we have Ri ~ RX. 


Definition 3.1. (see [20, §3.3]) Let f € L'(RX, “). Then we define f : RX > C, 
the Fourier transform of f, by the formula 


Theorem 3.2. Under the isomorphism RX ~Ri, Yru ti, the Fourier transform 
of f € L! (RX, %) is the Mellin transform which restricts on the line Ri. 


Proof. Since pyul(x) = s7“, we have w,;(z) = xt. Denote s = ti. View Y, as s. 
Then Fourier transform of f is 


Fi.) = f EOE f euii 


This is just the Mellin transform on Ri. 


Denote C* = C \ {0} the multiplicative group of C. Consider the pairing 
R* xC= C*, (r,s) = r5. 
We use RŽ denoting the set of quasi-characters of RX. A quasi-character ¢ of RŽ 
is a continuous homomorphism ¢ : RŽ — C*. Since RŽ has no nontrivial compact 


open subgroup, each quasi-character of RX is unramified (see [14, XIV,§2]), also 
called principal by Weil(see [22, VII,§3]). 


Theorem 3.3. Each quasi-character @ of RX is of the form 
plz) =a, 

where s is uniquely determined by @. Hence, ¢ can be written by ġs Thus RX one OF 

Proof. See [14, XIV,§2,Prop.1], [22, VII,§3, Cor.1], [20, §7.1]. 
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Definition 3.4. Given the pairing (, ) : RX x C + C%, (x,s) + (x,s) =a *. The 
quasi-character ¢; € RŽ is defined by 
s(x) = (a, 8s) =x Ô. 
The involution ¢;1 of s is defined by 
Os (2) =a". 
Similarly, we have the Fourier transform for quasi-characters. 

Definition 3.5. Let f € L'(R¥,“) and RŽ be the quasi-character group. Then 
we define f: RX — C, the Fourier transform of f, by the formula 

2 dx 
FOS] FET (a) —. 

RX T 

As in Theorem3.2, we have 


Theorem 3.6. Under the isomorphism R =~ C, ¢s> s, the Fourier transform 
offe L! (RX) is the Mellin transform f(s), which is convergent in some region of 


Next, we construct the Fourier inversion formula, which essentially is the inverse 
Mellin transform. Consider the commutative diagram 


RX x Ri < gt 


Lo | 


RX x (o +Ri) —> RX xc 4 cx. 


RŽ x RX 
where o ER. 


Definition 3.7. Consider the pairing (, ) restricting on RX x (ø + Ri). Define 


o + Ri the set of maps (z,): o + Ri — C%, where x € RX. Define RX the set of 
maps (, s) : RX = C*, where s € o + Ri. 


o + Ri can be viewed as the line RŽ, because there is a one-to-one correspondence 
between them. Similarly, RX can be viewed as the line o + Ri. 

Let V (G) denote the complex span of the continuous functions of positive type(see 
[20, §3.2]) on the locally compact group G. Define 


V1(G) =V(G)N L(G). 
Theorem 3.8. (The inverse Mellin transform) 


Consider the pairing (, ): RX x C + C*. Let ds = (,8) E RX be a quasi-character. 


— 


The Haar measure on RX is dọ. Denote the restriction of ¢ on the line o + Ri 
by #9. The measure dọ restricting on o + Ri is denoted by dé’. Then for all 
f € V (RX), 
a 1 E 
fle) = [| Poem =f Poad, 
o+Ri 


X 2ri 
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If f(x) is analytic on RX and satisfies the asymptotic conditions 
f(z) =O(a*), «0, 
f(x) =O(a*), z> oo, 


A 


where a < 8. Then the Mellin transform f(s) is analytic in the strip a < Res < £. 


n~ 


For example, for f(x) = sit € L?(R%, dz), its Mellin transform f(s) is analytic in 


the strip 0 < Re(s) < 1; for g(x) = ae € L?(RX, %), its Mellin transform g(s) is 


analytic in the strip —} < Re(s) < . 


Proposition 3.9. Denote I = (1,00). Under the isomorphisms e” : RX — I, 
logz : I + RŽ, the space L?(RX,dx) is isometric to L(I, ®), a subspace of 
L?(R%,). We denote this isometry by 


(3.1) E : L? (RX, dx) > L(I, a 
x 


Proof. Let f € L?(I,“). We can view f as an element f of L?(RX, *) by 


F= Í, if x >l, 
~ 10, #0<zr<1. 


Then L?(I, “) is a subspace of L?(RX, @). 
Take g(x) € L?(RX,dzx) and f(x) € L?(I,). Then we have 


CO CO d 
Í bares / bgn = 
0 1 y 


[E= f Ea 


The above equalities show that L? (RX, dz) is isometric L? (I, “). 


Denote the strip Qo,1) := {2 E C | 0 < Re(z) < +}. If there is no confusion, we 
write Q for Q(9,1). Denote the half-plane 


Oso = {2 €C| 0 < Re(z)}, 


i 
2 


1 
Qe1 = {2 € C | Re(z) < ah 


The Hardy space for up half-plane is classical. The summary of basic properties 
for Hardy space for up half-plane can be found in [2]. The theory for right or left 
half-plane is similar, because these planes can be obtained from half-plane by times 
—i or i. Recall that the Hardy space H? (Qo) for half-plane is the space of analytic 
function f : Qo > C, for which 


1 
1 +oo ; 2 
| Flare) sup (sf Hetu) <o 


For convenience, we use the notation || f ||o,, for || f ||z2(a5.)- 
Suppose f € H? (Qo). Then f satisfies the growth condition 


sa CUS lhe 


ars Sie 


Qso, 
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where C is the constant. The limit lim f(x + yi) exists for almost every y in R, 
Hea 


and we may define the boundary function on Ri, denoted by f*, i.e., 
f*(%) = lim f(x + yi). 
x—0 
This function is square-integrable and 


1 +004 
Ilez OPa 


Then we have an isometry 
t: H?(Qs0) > L (Ri), f> (f) = f*. 


The Hardy space for H?(Q<4) is similar. 
Let .@—' be the inverse Mellin transform and F be the Fourier transform. We 
have the diagram 


L?(RX, 22) H?(Q) —>— H?(Q21) 
Ma? Le i 
E gee L 
| Kee Í 
L? (RŽ, dz) L? (4 + Ri) 


The map 


—1 


H?(Q) -@-- L? (RX, dex) 
will be studied in the next section. 
Theorem 3.10. Let f € H?(Qs0). Then f € H*(Q). Moreover, || f ||. =l f lla- 
Proof. Since f € H? (Qo), the norm equality is obtained by 
IE z2@a=ll f léo = WF Mle = I F llre- 


The last inequality is from [24, Thm.2]. 


Theorem 3.11. The Fourier transform F : L?(RX,@) > L?(Ri) and the inverse 
Fourier transform FT! : L?(Ri) > L? (RX, 4) are isometries. 


Proof. Since RŽ and Ri are dual to each other, the theorem follows from [20, 
Thm.3-26]. 


Theorem 3.12. The Hardy space H? (No) is isometric to a subspace of L? (RŽ, dz) 
by FL. 


4. THEOREM OF PALEY AND WIENER FOR MELLIN TRANSFORM 


The theorem of Paley and Wiener for holomorphic Fourier transform constructs 
unitary operator between L? (RX, dx) and the Hardy space H? (H), where H = {z € 
C | Im(z) > 0} is the upper half-plane(see [19, §19.1-2]). Its explicit form can 
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be found in [19, Thm.19.2], which says that there exist a surjective isometry from 
L? (RX, dz) to H?(H). We write this isometry by 


F : L?’ (RX, dr) > H?(H), F(x) FF(z) = i? F(x)e***da (z € H). 
0 


Denote 2 <o the left half-plane of C. Then the canonical isometry between H? (H) 
and H?(Q.<0) is 
T: H?(H) > H? (Q<0), f(z) f(—is). 
The canonical isometry between H? (H) and H?(Qx0) is 
T: H? (H) > H?(9>0), f(z) > (is). 
The integral is 


+00 +oo+ai 
/ Lie + ia)Pax = | | f(z) |?dz 


—oo —ootai 


f |f(is)|?d(is) (where z = is) 


+ioo 


a+ioo 
- / If (is) Pds 


1 —ico 


We have the following theorem commutative diagram 


Theorem 4.1. There is a commutative diagram as follows 


H?(H) —— H?(Q<0) 


[e Sis 


L? (RX dr) + 1?(RX,#@) -A 1?(Ri). 
Proof. For f(z) € H? (H), there exists an F(x) € L? (RX, dx) such that 
His f ” P(t)el*tat. 
Thus #1 f = F(t). 
Since 


F(logx), ifa>1 


0, otherwise, 


E(F(t)) -| 


one has “@(E(F(t))) = J F(log x)x*~'da, where s € Ri. 
Let iz = s. We have, for s € Qe, 


L(f)(s) = f(-is) 
= a F(t)e*'dt 
0 


=| F(log y)y*dlog y 
1 


= J F (log y)y*~ ‘dy. 
1 
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Thus :Z(f) = lim JE F(log y)y* ‘dy, where s = x + iy. Since for s € Qeo, 
z0 


a= f Figh =ke 


Thus they are equal on s € Ri. Hence, we get the commutative diagram. 


Similar to Theorem4.1, we have 
Theorem 4.2. There is a commutative diagram as follows 
H?(H) ——> H?(Q50) 
j u 
L?(RX dr) + LR, £) 4 1?(Ri). 
We follow the theorem of Paley and Wiener to prove the case of Mellin transform. 


Theorem 4.3. Denote Qa = {z E C |0 < Re(z) < a}, where a < œ. Let H? (Qa) 
be the Hardy space on Na and 
1 g7 


sup — |f (£ + iy) dy = C < 00. 
O<a<a 2T —oo 


Then there exists an F € L?(RX,dx) such that 
f(s) = T F(a)x*"'dz, s€ Qa, 
and i 
Ji |F (x) |?dx < C. 
If a = 00, we have fg Hopr- C. 


Proof. Fix x,0 < x < a. Take a constant c € (0,a). For each a > 0, let Ta be the 
rectangular path with vertices at c+ œi and x + ai. By Cauchy’s theorem, we have 


(4.1) f f(s)t *ds = 0, 


where t € RŽ. 
Let I be the interval 


+iß 
Then 
2 
4.2 (8)? = Byt Ut *B) a ;6)|?du- | t72"da. 
(4.2) |2) |f r+ u| < fifti Pdu: frau 
Let 


AP) = | IF +B Pdu 
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Since sup = fase | f(x + iy)|?dy = C < oo, by Fubini’s theorem, 
0<2<a 


: * A(B)dB < C-|e—al. 


On Joo 
Hence, there is a sequence {a;} such that a; — oo and 
Alaj) + A(—a;) +0, (j 7 œ). 
By equation(4.2), this shows that 
(4.3) (aj) 0, @(-a;) > 0, (as j + 00). 


Note that this holds for every t € RX and the sequence {aj} doesn’t depend on t. 
Define 


gj(a,t)=s— | flat iy)t "dyi. 
27% Jo, 
Then by equations(4.1),(4.3), we deduce that 
(4.4) lim [t-*9;(2,t) — t-%g;(,)]=0, (ERX) 
joo 


Write f(y) = f(x +iy). Then fs € L?(R). The Plancherel theorem for locally 
compact group(see [20, Thm.3-26]) asserts that 
+o 
im | IRO- g(a, t)Pdt =0. 
aa Jo 
where 
x i [°° 
falt) = 5— | LOW 
T J—oo 


is the Fourier transform of fs about the pairing 
RxRX>S', (x,t) = t. 


Then for almost all t, a subsequence of {g;(x, t)} converges pointwise to AO ([19, 
Thm.3.12]). Define 


(4.5) F(t) = t° falt). 
Then by (4.4), we have 
(4.6) F(t) =t flt). 
Note that (4.5) does not involve x and that (4.6) holds for every x € (0,a). Thus 
q| patio 
F(t) = oa oe f(s)t” *ds. 


This is just the inverse Mellin transform of f(s) € H?(Q.). Then the Mellin 
transform of F(t) gives 


f(s) = [ F(a)x*'dz, s€Qq. 


By Plancherel theorem for locally compact group, one has 


love) co +00 
an | eropa=f ROPt=i f OPi 
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Let x — 0. One obtains, 
J |F(t)|?dt < C. 
0 


When a = œ, the equality {5° |F(t)|?dt = C can be obtained by the commutative 
diagram in Theorem4.2, in which all the maps are isometries. 


Corollary 4.4. For each Hardy space H? (Qa), there is an injection 
MT! : H? (Qa) > L? (RX, dz). 
Moreover, M71 is a bounded operator. 
Proof. Let f € H? (Qa). Then F(t) = 47t f. Since 
IATP = EOI < C= IIF’, 


we have .@~! is a bounded operator. 


5. AN INVARIANT SPACE OF C AND C* 


Let H be a Hilbert space and A is a bounded operator on H. Suppose V is an 
invariant closed subspace of A in H. We have a canonical decomposition (see [7, 
Thm.3.6.6]): 

H=VeV1, 
where V+ is the orthogonal complement of V in H. Of course, we have a canonical 
isomorphism 
H/V =V+-. 
However, there is a big difference between H/V and V+, that is, H/V is an invariant 
space of A but V+ is not an invariant space of A in general(see [1()]). The properties 
of a morphism of quotient Hilbert space has been studied in [16]. 


Theorem 5.1. Let C* be the adjoint of Cesaro-Hardy operator on the Hilbert space 
H = L?(RX). Suppose V 4 H is an invariant subspace of C*. Denote C* the 
operator on the quotient space H/V induced by C*. If V+ is an invariant subspace 
of C*, then C* — 1 is a unitary operator on H/V. 


Proof. First, V is also an invariant subspace of C* — 1. Moreover, under the canon- 
ical isomorphism 

H/V~Vt,2+Veai, 
H/V is a Hilbert space. Here, 2} is the projection of x on V+, and it does not 
depend on the choice x € x +V. Let x = £y +x}. Then we have 


(C* —1)2 = (C* —1)z, + (C* —1)at. 


Since V+ is an invariant subspace of C*, it is also an invariant subspace of C* — 1. 
Thus (C* — 1)xt € V+. Therefore, we have the norm equalities 


|e+V =I ay | by definition 
=|| (C* —1)z, || by isometry 
=||(C*-Day+V || since (C* — 1)ay € V+ 


=||(C-la+v || 
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This means C* — 1 is isometric on H/V, i.e., C* —1 is injective(See [7, Thm.4.5.15]). 
Consider the commutative diagram 


H-ČŻ, H 


| | 


av = H/V. 


From the commutative diagram, C* — 1 is surjective, hence C* — 1 is unitary. 
Denote 

(5.1) n(x) = 8x? (rx? — Ta for ¢(s); 

For character x, let 


Bre? (rr? — 2 eTa’, for L(x,s) when x(—1) = 1 
ne)=] (na? — 3) (x, 8) (-1) 


5.2 z 
(5.2) ge? , for L(y, s) when x(—1) = —1. 


Because C and C* are commutative, we have the following definition 


Definition 5.2. Define the subspace V¢ for ¢(s) which is linearly generated over 
C by 
{C™C*" Zn | m,n E€ N,m+nF 0}; 
the subspace ve is linearly generated over C by {C*" Zn | n € N,n 4 0}, and the 
subspace V£ is linearly generated over C by {C™Zn | m € N, m F 0}. 
Define the subspace Vy for L(s, x) which is linearly generated over C by 


{C™C*" Zyn | m,n EN, m+n #0}; 


ve is linearly generated over C by {C*"Zyny | n € N,n # 0}, and V£ is linearly 
generated over C by {0 Zyny | m € N, m #4 0}. 


Proposition 5.3. The spaces Vc, Vy are invariant spaces of C and C*. Moreover, 
Ve=VE+VE, Ve HVE HVS. 
Proof. The first statement is clear, this is because C and C* are commutative. We 


prove these equations by induction on the monomial term C™C*”. First, CC* = 
C+C*. Suppose that for m+n < N — 1, 


ener" = a) 
where f(X),g(X) are polynomials of the form f(X) = X aX", g(X) = 3 bj Xi. 
Then when m + n = N, we have 
omer = E OT 


where degfı(X) < m — 1, deggı(X) < n. Using the induction again, we have 
Cgi(C*) = aiC + g(C*). Denote f(X) = X fi(X) + a,X. Therefore, 


emce*™ = F(C) + 9(C*). 
Thus the equations for V¢, Vy follow from the above equality. 


Remark 5.4. C may be irreducible on some Hilbert space H, that is, there are no 
nontrivial closed subspaces M of H such that CM C M and C*M C M. For 
example, see [18, §12]. 
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Let p be a nontrivial zero of ¢(s) (resp. L(x, s) with character x). Denote 


(5.3) oe Zn(ta)teldt, if C(p) = 0 


Folz) = SP Zyny(te)t®tdt, if L(x, p) = 0, 
Then 
F, (£) = T Zn(tx)t? ‘dt = x? > Zn(t)t? ‘dt. 
1 z 
It is easy to see 
Fo(x)e =a °C" (a? Zn). 
Lemma 5.5. Let f € C°(R%{). Denote F(x) = —af'(x). Suppose f(x) decays 


rapidly when x — œ and f(x) = O((logz)") (n € N) when z > 0. Let F(s) be 
the Mellin transform of F(x). For the operator C*, when Re(s) > 0, there is 


=) 
& 


C*F(s) = 


Denote G(x) = (af(x))’. Suppose f(x) = O (c27) when x + œ and f(0) = 0 


when x —> 0. Let G(s) be the Mellin transform of G(x). For the operator C, when 
0 < Re(s) < 1, we have 


Proof. First, C* F(a) = S EW at = is =f at = f(x). Then C*F(s) = f(s). 
On the other hand, for Re(s) > 0, 
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n~ 


It is easy to see CG(x) = f(x). Therefore, CG(s) = f(s). Moreover, when 
0 < Re(s) < 1, 


Q 
T 
oS 


Hence, CG(s) = 


l—s ' 


Lemma 5.6. For positive integer j, C* Zn decays rapidly when x — œ and 
i ; ; j=ł 

\C*! Zn| = O((— log x)™!) when x > 0. However, |C Zn| = O (fs) when 

x —> œ and C/Z7(0) = 0 when x > 0. 


Proof. First, Zņ € H_. Suppose ci! Zn decays rapidly when z — oo. Then, by 
induction, 

OO. CN EZ 
j “dt 


lim z”C* Zņ= lim = 
t09 xwL->0O0 


Hence, C*! Zn decays rapidly when a — oo. l 

When x > 0, C*Zn(0) = J ="dt is finite. Suppose |C*’ Zn| < —M(loga)3—! 
for sufficiently small x and for some positive constant. Then for sufficiently small 
c> 0, 


cv 2n(2)| a ja 


c "IZ oo "IZ 
=| Fart f Par 


c j—1 o0 xj 
<f a a f £ ar 


t 
M . M T ee 
= ——(log x)! ae loge) +/ A F4ae 
J c 


Thus, when x > 0, |C*?Zn| = O((— log x)i7+). 
By L’Héspital’s rule, it is easy to see C/Z7(0) = 0 when z > 0. When z > 
oS j ogx)ÍT! 
œ, |CZn| < 4 fo |Znldt < 4 f |Zn|dt. Suppose |C7Zn| < MeD for some 
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positive constant M and for sufficiently large x. Then for sufficiently large N > 0, 


ici 2n(2)| < = f \cizn| dt 


=f znat f |C? Zn| dt 
T Jo TJN 


E a 1 f” (logt)i—! 
<i |C Zn] dt + f u dt 

T Jo TJN t 

ee M (logx)i M (log NY 
=f jizdy ee M Meee 

T Jo j z j 2 


Thus, |C?Zn| = O (2) when x — œœ. 


Theorem 5.7. Let p be a nontrivial zero of ¢(s) (resp. L(x, 8) with character x). 
The function F(x) is as in equation(5.3). Then F,(x) € Ve (resp. F(x) £ Vy). 


Proof. We prove the theorem for ¢(s). The other case is similar. Suppose F',(x) € 
Ve. Then by Proposition5.3, F(x) can be expressed by 


Fol) =X yC Zn +X b,C*Zn, 
j=1 k=1 


where aj,bk € C. Consider its Mellin transform. By Lemmas5.5,5.6, when 0 < 
Re(s) < 1, we have 


B,(s) =X aCi Zn + D> beC Zn 


j=1 k=1 
B n Zn | n Zn 
=) y si DOLT E 
s= k=1 
pe m i n by 
= Zn 24 
2 Ta) 


Since Zn = s(s — 1)m~2T°(4)¢(s) is entire and Zn(0) = Zn (1) = 1, the sum 


Zn ees ot pet at j r) is meromorphic function on C with at least a pole at 
s =0,1. 
Since 


—2F (x) = —2 (z= f Zn(t)t?- tdt — aP Znie) 


= poe | Zn(t)t?—*dt + Zn(x) 
= pF,(x) + Zn(z), 
the Mellin transform is 


B,(s) = aa mee Daal) 


Thus, F.(s) is a holomorphic function on C. This is a contradiction. Hence, 
F(x) Z Ve. 
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6. THE HILBERT-POLYA SPACES 


We can intuitively see that for each f(x) € Ve or Vy, its Mellin transform f(s) 
has a pole at s = 0,1. If f(x) € Ve, then there exist a convergent sequence 
{fn(z)} € Ve C L? (RX, dx) such that lim fn(x) = f(x) and its Mellin transform 


f(s) should have singularities at s = 0,1. Since each Fan(s) has poles at s = 0, 1, we 
expect that its limit also has poles or essential singularities at s = 0,1. When we 
talk about limits, we should put the sequence {fn(s)} into a topological space. Some 
suitable topological spaces are Hardy space. We can also view Fan(s) as elements 
in the formal power series field C[[s, +]]. Then the sequence {fn(s)} in these space 
should have a limit. Now let’s implement those ideas. 

For each 0 < e < 1, denote the strip 


A. ={z€C: e< Re(z) < 1-6}. 
Let H?(A.) be the Hardy space on the strip. 
Theorem 6.1. For each 0 < € < 1, the Mellin transform 
Zils), Zas) € H(A), 
where Zn, ZyNy are as in §5. 


Proof. We do the case for Zn. The case for Z,7, is similar. Since Zn € H- C Ho, 
we have Zn(s) is essentially bounded function over C(see [23, Thm.2.2]). Then 
there exists a constant cı > 0 such that on the region As N {z € C : |Im(z)| > 1} 
one has 

|sZn(s)|? < er. 
On the other hand, Z7 is analytic. Hence, |sZn(s)|? is bounded on the region 
A: N {z € C: |Im(z)| < 1}. Thus there exists a constant c2 > 0 such that 


|sZn(s)|? < c2 


on the strip As. 
For each ø € (e, 1 — £), one has 


LP aasi [as 
i Jaiga i Jaton |5|? 
TR 1 
= Cy a a py 
<a | i ! yY 
S] e EFI 
CT 
ae 
Thus sup + je |Zn(s)|2ds < oo. Therefore, Zn(s) € H?(A.). 
e<o<l—-e 


Theorem 6.2. Let Vc, Vy be as in Definitions.2. Denote M the Mellin transform. 
Then one has 


MV), M (Vy) C H?(A.). 
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Proof. We show the case for V¢. It is clear that we just need to prove for the 
monomial term C™ Zn, C*"Zn € H?(Az). 
First, by Lemmas5.55.6, we have C™Zn = aa Ce" Zn = m, We show that 
1 1 


(l—s)”’ sr E H? (Ae). 


For each £ < 0 < 1 — e, there are 


1 a+ioo 1 1 at+ioo 1 
ba ds < = — d 
en PEYS a FË 
ie i 
= ate 
|. war 
‘nee ‘ 
< eee 
n CETIM 
-f[ dy +f” dy if dy 
Jæ +y J (eR Fy?) Ja (6? + y?)” 


+oo 1 
<| dy | dy 
= To Ee + y? = e2n 


T 2 
~ Et an 
Hence sup 1 POR 4|?ds < co. Therefore, 4 € H?(A.). Similarly, we have 
e<o<l—e 


ob 


(asym © H?(A.). Then by Cauchy-Bunyakovsky-Schwarz inequality 


‘ 2 A ‘ 
a+ioo ot+ico ao+ico 
1 => 1 
2 ds| <+- |Znl?ds- = E 
i ; i ; i sy [ot |?” 
ga—ico g—ico a—100 


which implies 24 € H?(A.). Similarly, ate € H?(A.). 


Zn 


Conjecture 6.3. The map .@~': H?(A.) > L? (RX, dx) is continuous. 
Definition 6.4. Denote Q<o the left half-plane of C. Define the PW-transform Y 
by 
Ffi L? (RX, dz) > H? (Q20), f(x) (Sf)(s) =| f(logx)a*— "dz. 
1 


Theorem 6.5. The transform F is unitary operator. 


Proof. This is essentially a version of theorem of Paley and Wiener. Let f(x) € 
L?(RX,dx). Then F f(z) = fo” f(x)dx € H?(H). Let iz = s. We have 


F f(-is) = f f(x)e dr = f f(logx)as~'dax. 


Thus (F f)(s) = F f(—is) is in H?(Q<0). 


Lemma 6.6. Let f € C®(RX). Denote F(x) = —xf'(x), where f(x) decays 
rapidly when x —> co. Let F(s) be the transform of F(x) by 


F(s) = | > F(x)z® tde. 
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For the operator C*, we have 


GPs) -= EO — CFO) gas 


Denote G(x) = (xf (a))’, where f(x) decays rapidly when x > co. For the operator 

C, we have 

G(s) +CG(1) 
1l-—s 


CG(s) = , SEC. 


Proof. First, C* F(a) = S FO dt = JS =r at = f(x). Then C*F(s) = f(s). 
On the other hand, 


Bo) = [Fleer 


=- | afad 

=- [o 

= f0) +s | Heade 
= C*F(1) + sf(s). 


Thus ČF (s) = B= FO) 
It is easy to see CG(x) = f(x). Therefore, CG(s) = f(s). Moreover, 


G(s) = [ (wear 
= [tae f(a) 
=-s0)- f afaa 


=-CG(1)+(1-s vere ya Pda: 
= —CG(1) + (1 — s) f(s). 


Hence, CG(s) = Seheew, 


Theorem 6.7. Each function f(s) € Z (Ve) C H?(NQ<o) is of the form 


Ea A E E] 


j=1 k= 


= 


where n is some positive integer and aj, bk, Cj, dp € C. 
Similarly, each function g(s) € Z (Vx) C H?(Q<o) is of the form 


Pata 
x 
RA 
3 
tad 
N 
wy 
4 
sls 
> 
I 3 
S 
A 
E 
Lio 
Eon 
Va 
Rasy, 
Eon 
— 
3 
| 
a 
WwW) 
QS 
3 
| 
z 
ue 
=. 
IIa 
> 
vay 
x 
= 
Se 
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Proof. By Proposition5.3, we just need to consider the monomial term Z (C™ Zn) 
and Z (C*” Zn). We prove the case of .7(C*" Zn), the other one is similar. 
First, by Lemma6.6, let F(x) = Zn(log(x)), we have 


_ Z Zn(s) - C*Zn(0) 


SC*Zn(s) ? ; 
Suppose 
n Zn(s) — sC*Zn(0) —--- — s” 1C” Zn (0 
P(C” Zn) = É n(s) — sC*Zn( = 5 n(0) 
Then 
” *n Zn) — C*” +1 Zn(0 
__ SZn(s) — sC* Zn (0) —--- — s"C*"** Zn(0) 
ai sn+1 j 
Hence, for De ajC*Í Zn, we have 
n a n aj n-1 bj 
Sa Be Zn OE) nT] pa 
j= j= j= 


where b; € C. Then the theorem follows from the above equation. 


Theorem 6.8. Let n and ny be as in (5.1)(5.2). Then for Zn, Zyny, the PW 
transform S Zn(s), Z Zxnyx(s) are holomorphic functions on C. Moreover, 


Z Z0) =1, AZn(1) = | Zn(x)e”dz #0. 
0 
Proof. We prove the case of 7. The other one is similar. First 
F Zyls) = i: Zn(x)e® dx 
0 


is holomorphic on the left half-plane. Consider the function Zn(x)e**. Then 


co 


V (nz)? (mine = z) etina)? se 


n=1 


< Sr X (nx)? (roa) i >) eo ™ (nx)? +Re(s)x 
n=1 


|Zn(a)e*| = 87 


< 8T X (ney (nin? al >) ent (nx)? +Re(s)na 
n=1 


= 27 (sre? (« a z) im] : 


Since f(x) := 8a? (2? + 3) e772 +Re(s)@ is a Schwartz function, then Z f(x) decay 
rapidly when x —> oo(see [6, Lem.6.1]). Thus .%2Z7(s) is holomorphic on C. 
When s = 0, there is 


SZH(0) = a Zn(x)dx = 1. 
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When s = 1, there is 


SZy(1) = ip Zn(x)e*dx ~ 1.92628, 
0 

where the coarse estimation is obtained by SageMath. The codes are as follows: 
sun=0 
for k in [1..1000]: 

sun+ = 8 x pi x exp(x) *k°2*x7°2* (pixk°2*x°2—3/2) * exp(—pixk°2*x°2) 

numerical_integral(sun,0, +Infinity) 

Theorem 6.9. Let F (x) be as in (5.3). Then we have 


yes =1F(2)¢-1C*Zn(x), for ¢(s) 
C*F,(2)y = 3 F (2) — 5C*Zyny(2), for L(x, 8). 
Proof. We prove the case for ¢(s). Since 

—2F (x) = pF p(x) + Zn(2), 


(6.1) 


dividing by x , we have 
Fila) = pa + 
Integrating on the equation, we obtain 
-f Onzo f On f a 
that is, l l 
CF (2) = T — e" Zn(a). 


Theorem 6.10. Let .Y be PW-transform and F,(x) be as in (5.3). Then Z F,(s) 
is holomorphic as s = 0,1. 


Proof. We just show the case for ¢(s). By equation(6.1), we have 
1 1 
SCF, (8) = -Z Fols) = FC" Zn(s). 
p p 


Take F(x) = Fp(log x) in Lemma6.6. Then we have 


Z Fp(s) — C*F,(0) _ Lamia 1. Z Zn(s)—C Zn(0) 
s p p s 
Therefore, 
*F *Z — SZ 
Jp) = EO +C ZnO) -2 Znls) 


p-s 
which implies that 7 F,(s) is holomorphic at s = 0,1 by Theorem6.8. 


Recall the definition of normal families of meromorphic functions. If z,w € C, 
the spherical distance is 


lz — w| 
ds(z, w) = 
SE TE T 
2 
ORIS TE 
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Let PŁ = CU {co} be the Riemann sphere. A meromorphic function f : P > P} 
is that whose poles are in some discrete closed set of PŁ. 


Definition 6.11. A family F of meromorphic functions on a domain D C C is 
normal if whenever {fn} is a sequence in F, there exists a subsequence { fn, } and 
f: D — Pj such that for all compact K C D, 


sup ds(fn; (2) — f(z)) > 0. 
K 


Remark 6.12. We allow the function f to be oo. 


In 1979, Gu[8] proved the following well-known normality criterion, which was a 
conjecture of Hayman|11]. That is the following theorem 


Theorem 6.13. Let F be a family of meromorphic functions defined in D C C, 
and let k be a positive integer. If, for every function f € F, f #0, f™® 41, then 
F is normal. 


Lemma 6.14. If {f,} is meromorphic on a domain D C C, 
sup ds(fn{z) = fz)) +0 

for all compact K C D, then f is meromorphic on D or f = œ. 

Proof. See [17, Lem.1.1]. 


Now we can prove a stronger result. 


Theorem 6.15. Let Ve (resp.V,) be the closure of Ve (resp. Vy) in L?(R%X,dz). 
Then F(x) ¢ Ve (resp. F,(x) € Vy). 

Proof. We only prove the case of ¢(s). First, F(x) ¢ Ve. Suppose there exists a 
convergent sequence {fn(x)} € Ve such that lim fn(£) = F,(x). Then by Theo- 
rem6.5, in H?(Qeo), there exists a convergent sequence under norm topology 


Jim 7 fn(s) = S/F ,(s). 


Then for almost all s € Q<o, there exists a subsequence {7 fn; (s)} of {7 fn(s) } 
converges pointwise to ./F,(s) ([19, Thm.3.12]). From Theorems6.7, 6.13, the 
sequence {7 fn; (s)} is normal on C. By Lemma 6.14, for some convergent pointwise 
subsequence of {7 fn, (s)}, there exists the limit function 


f(s) = lim, F fa,(s) 


is meromorphic on C. 

Since f(s) and Z F, are meromorphic functions and they are a.e. identity in Q.<0, 
we have f(s) = ZF, for all s € C. By Theorems6.7,6.8, each Z f,(s) has at least 
one pole only at s = 0,1. Hence, the meromorphic function f(s) = tim, Tals) 


has a pole or essential singularity at s = 0,1. However, .“F,,(s) is holomorphic at 
s =0,1. This is a contradiction. Hence, F,(x) ¢ Ve. 


Now we can give the definition of Hilbert—Polya space. 


Definition 6.16. The quotient Hilbert space L? (RX, dx) /Ve (resp. L? (RX, dx) /Vy) 
is called Hilbert-Pélya space of the operator C with respect to Riemann zeta func- 
tion(resp. Dirichlet L-function). 
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7. THE SPECTRUM OF C AND C* ON HILBERT-POLYA SPACE 


This section, we prove the Riemann hypothesis for Riemann zeta function and 
Dirichlet L-function, which is inspired by Connes’ work[5], Meyer’s paper[15], Li’s 
result[12] and Wu’s work[23]. 


Lemma 7.1. Ve and Vg are invariant spaces of C and C*. 


Proof. First, Ve and Vy are invariant spaces of C and C*. Let {fn} be a convergent 
sequence in Ve, where fan € Ve. Denote lim fn = f € Ve. Since C is bounded on 
Noo 


L?(R)%, i.e., continuous, we have Cf = lim Cf, € Ve under norm topology. Thus 
noo 


Ve is an invariant space of C. Similar, it is an invariant space of C*. The discussion 
for V% is similar. 


Theorem 7.2. Let p be a nontrivial zero of ¢(s) (resp. L(x, s)). Then i is an 
eigenvalue of C* — 1 on L? (RX, dx)/Ve (resp. L?(RX,dx)/Vy ). 


Proof. We just prove the case for Riemann zeta function ¢(s). The case for Dirichlet 
L-function is similar. Let p be a nontrivial zero of ¢(s). Then 1—p is also a nontrivial 
zero. By equation(6.1), there is 


C*F, (x) = —Fy(x) — -C*Zn(2). 
p P 
Hence, 


(7.1) (C* - 1)Fy(a) = =E Fyfe) - “er Znla), 


Thus, E is an eigenvalue of C* — 1 on L? (RX, dæ)/Ve. 


Theorem 7.3. C*—1 is a unitary operator on L?(RX,dx)/Ve and L? (RX, dx)/Vy. 
Proof. We prove the case for ¢(s). Since Vç is an invariant subspace of C — 1, for 
each z € Ve, y € Ve, we have 

((C* — 1)a,y) = (x, (C — 1)y) = 0. 


Hence, (C* — 1)x € Ve”, i.e., Vet is an invariant subspace of C* — 1. Then by 
Theorem5.1, C* — 1 is a unitary operator on L? (RX, dæ)/Ve. 


Theorem 7.4. The Riemann hypothesis is true for Riemann zeta function and 
Dirichlet L-function. 


Proof. By Theorem7.3, the bounded operator C* — 1 is a unitary operator on 
L? (RX ,dx)/Vę, whose spectrum is in the unite circle {z € C : |z| = 1}. Therefore, 
the Riemann hypothesis follows by Theorem7.2. Similarly, it is true for Dirichlet 
-function. 


The eigenvalue of Cesaro-Hardy operator is related with the Hilbert space. For 
example, for the space L?[0, 1], the set of eigenvalue of Cesaro-Hardy is {s € C : 
|s—1| < 1}(see [1]). However, the set of eigenvalue of Ceséro-Hardy operator on the 
Hilbert space ¢? is empty and the set of eigenvalue of the adjoint of Cesdro-Hardy 
operator on it is {s € C: |s — 1| < 1}(see [3}). 
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Theorem 7.5. Let f(x) € L?(RX,dx) such that its Mellin transform f(s) is an- 
alytic function on some strip of C. Then f(x) can not be an eigenvuector of 
Cesaro-Hardy operator or its adjoint. 

Proof. Let C be the Cesaro-Hardy operator on L?(R¥, dx). Take f(x) € L? (RX, dz). 
Suppose 


Cf=Af, 
for some A € C. Then by Lemma5.5, we have 
8 
G(s) = TS = rffs) 
—s 


A n~ 


Thus f(s)(A(. — s) — 1) = 0 on some strip. This means f(s) = 0. Hence, f(x) = 0. 
The case for adjoint operator is similar. 


Theorem 7.6. Let p be a nontrivial zero of ¢(s) or L(y, 8). Then > is an eigenvalue 
of C and C*. 


Proof. We just prove the case of C*. Since ż is an eigenvalue of C* on L? (RŽ, dx)/Vç, 
from the isomorphim 


L? (RX, dz)/Ve~ Ve C L?(RX, dz), 


it is also an eigenvalue of C* on L? (RX, dz). 
We can also prove directly. Notice that 


* -ÍFa ieza 
(7.2) C*F,(x) = rar ) oO Z1(z). 
Let 
(7.3) F(x) = fp(x) + gp(2) 


where f,(x) € iy. gp(£) € Ve. Here f,(x) # 0, otherwise we have F(x) = g,(x) € 
Ve, a contradiction. 
Putting the equality (7.3) in the equation(7.2), we obtain 


1 il 1 
C* fo(x) = zr) = —C* gp(z) + pe) = e 
Thus C* f,(x) — z fola) € ve N Ve, we have 


C f,(e) = 5 fola) 


Thus A is an eigenvalue of C* on L? (RŽ, dx) with eigenvector fp. 


Combining with the property of spectrum of C on L? (RX, dz), we again obtain 
the Riemann hypothesis 


Theorem 7.7. (Another method) The Riemann hypothesis is true for Riemann 
zeta function and Dirichlet L-function. 


Proof. For each nontrivial zero p of zeta function, A is an eigenvalue of C on 
L? (RX ,dx). Since the spectrum of C on L? (RX, dz) is the circle 


o(C, L’) ={zEC: |1- z| =1}, 


the Riemann hypothesis follows from this result. 
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At last, we propose the following conjecture 


Conjecture 7.8. The spectrum of C and C* on L?(RX,dx) except 0 are both of 
point spectrum. 
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